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Abstract. A microscopic model of a lipid monolayer is 
proposed. It includes, within a single scheme, the fol- 
lowing factors which are considered to be essential in 
phase transitions in lipid systems: formation of gauche 
rotamers, interactions between polar heads, interac- 
tions between hydrocarbon chains (depending on their 
conformation) and changes in the energy of the system 
due to a directional ordering of the chains. Phase dia- 
grams are constructed and discussed and it is shown 
how the phase diagrams are modified by alterations of 
these parameters and the length of the hydrocarbon 
chains. 
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1. Introduction 

In recent years there has been considerable interest in 
phase transitions of lipid monolayers. In addition to 
the fact that such systems are intrinsically interesting, 
they are closely related to biological membranes for 
which they often serve as models. Whilst the types of 
phases encountered in lipid monolayers are well 
known, there is less agreement as to the character of 
the driving force for the transitions between them. The 
commonly accepted model seems to be the phase dia- 
gram of Albrecht et al. (1978), where the following 
phases are distinguished: low density (gaseous), isotro- 
pic and anisotropic liquids and two crystalline phases 
with tilted and untilted chains. It is believed that the 
important factors in the observed phase transitions 
are: formation of the gauche + rotamers, interactions 
between polar heads, van der Waals type attraction 
between hydrocarbon chains, excluded volume inter- 
actions, anisotropy in the chain orientation and, in 
bilayers, interactions between the two monolayers. 
One of the aims of a theoretical approach is to repro- 
duce this phase diagram and to estimate the role 

played by each interaction. So far the main attempts 
have been directed to explaining the transition be- 
tween fluid and crystalline phases. The two are often 
referred to as the liquid extended (LE) and liquid con- 
densed (LC) phases, and the transition is called the 
main transition. The results of Albrecht et al. (1978), as 
well as theoretical studies by Caill6 and ]~gren (1975), 
Firpo et al. (1981), and Baret et al. (1982a), indicate 
the presence of a phase called either anisotropic liquid 
or nematic. It is characterised by anisotropic distribu- 
tion of the projections of the chain axis on the plane of 
the substrate and its origin is in the repulsive hard core 
and attractive intermolecular interactions (Caill6 and 
~,gren 1975). 

Theoretical models are usually based on just a few 
of the above listed mechanisms, apart from the van der 
Waals interactions which are nearly always present. 
The models fall roughly into two categories - linking 
the main transition with the excluded volume effects or 
with the changes in the conformational states of the 
hydrocarbon chains (for details and references see ex- 
cellent reviews by Bell et al. (1981), Nagle (1980), and 
Caill6 et al. 1980). Zuckermann et al. (1982) considered 
both factors, using a combination of two different 
models. The Marseille group linked the main transi- 
tion with either the cooperative character of interac- 
tions between kinks made of gauche __ rotamers (Firpo 
et al. 1984) or with changes of the rotational symmetry 
of the system (Baret et al. 1982b). Interactions between 
polar heads are quite often neglected, one of the excep- 
tions being Baret et al. (1982b). Also the effect of 
the length of a hydrocarbon chain is rarely considered, 
although Mar~elja (1974) and Caill~ (1974, 1980) in- 
vestigated how melting of a chain depends on its 
length. 

In this paper we shall consider several types of 
interactions present in a lipid monolayer and, using 
the spin-1 Ising Hamiltonian, derive the phase dia- 
gram for the system. We shall also determine how the 
length of a hydrocarbon chain affects the phase dia- 
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gram and in particular the value of the main transition 
temperature. 

2. Model and calculations 

Let us assume that our lipids are fatty acids, such as 
myristic or palmitic acid and that they have a hydro- 
philic polar head with a single, saturated hydrocarbon 
chain attached to it. The latter is composed of several, 
say N, carbons, However, only a certain part of them, 
say n, farthest from the polar group, may be subject to 
an excitation from a trans to a gauche conformation. 
Therefore e.g. in palmitic acid, where N = 15, the first 
15-n C - C bonds will form a rigid part and rotamers 
will appear in the last n bonds. This assumption is well 
corroborated by the results of Mar~elia (1974) and 
Caill6 (1974). The rigid part is always, in our model, 
tilted to the plane of the polar heads, and we assume 
that it can be oriented roughly along two, mutually 
perpendicular, directions. This will enable us to repro- 
duce the isotropic and anisotropic phases. A similar 
assumption has been made by Firpo et al. (1981). We 
shall consider the following factors: 

1. Long-range interactions between polar heads, 
characterised by a constant Jx. They are independent 
of conformation or orientation of the two interacting 
chains and are the main factor in the condensation 
process. 

2. Short-range interactions between the n most dis- 
tant, from the polar head, carbons within each chain. 
This is a part of a single chain energy coming from 
summation over C - C bond energies as modified by 
their neighbours, and may be regarded as a micro- 
scopic analogue of the energy (Eint) introduced by 
Mar~elja (1974). The interaction is one-dimensional, 
with a constant J 2 ,  and as such cannot lead to a new 
transition, and hence change the form of the phase 
diagram. It can, however, change the critical parame- 
ters, such as transition temperature or pressure. This is 
what has been found (see e.g. Caill6 et al. 1980) as a 
result of changing the length of hydrocarbon chains. 
Also Mar~elja (1974) showed that, for a single chain, 
the order parameter has a jump as a function of the 
temperature, which indicates the existence of interac- 
tions between rotamers of the same chain. 

3. Long-range (van der Waals like) attraction be- 
tween chains. Interaction constant is J3 for chains in 
the all-trans conformation, and decreases with increas- 
ing number of rotamers in either of the chains, as a 
result of geometrical changes. 

4. Long-range interactions between chains (inter- 
action constant J4 )  - ordering the chains anisotropi- 
cally and responsible for the transition from isotropic 
to anisotropic phases. 

As is usually the case, we assume that the substrate is 
modelled by a planar lattice of V sites on which the 
polar heads are located. This can be conveniently de- 
scribed by the following Hamiltonian (divided here by 
fi = (kB T)-  1) where kB is the Boltzmann constant and 
T is the temperature): 

f l H  J 1 2  2 2 .z=21S~ - -  = S.~ S v qt_ J 2  ~71 ~7i+ 1 
~,v = i 

"k- J 3  Z S2  ffi $2  ~Tj 
2, v i j 

i~2 j ~  
V 

+ J 4 Z S z S v + #  Z $2. (1) 
2, v 2 = 1  

Sz = 0, _+ 1 and means that at the lattice site 2 there is 
no hydrocarbon chain (Sa = 0) or that it is oriented in 
one of the permissible directions (Sz = _+ 1). ai = + 1 
(i e 2) if the C - C link (i-th from the end of a chain at 
the site 2) is in the trans, and ai = - 1  if it is in the 
gauche state./~ is the chemical potential. 

To derive the phase diagram we shall use the mo- 
lecular field approximation (MFA) for the long-range 
interactions, whereas the short-range ones will be cal- 
culated exactly. A similar approach has already been 
used in describing magnetic lattice gas (Dudek and 
Pekalski 1984). Within the spirit of the MFA, we intro- 
duce three unknown averages, for the three interac- 
tions 1, 3, 4, to be determined later from the stability 
conditions for the free energy. We have therefore 

n-* (S~ k ai) = m, (2) 
i = l  

(s~> = 0, (31 

(Sz) = q. (4) 

( . . . )  means a statistical (grand canonical) average 
with the Hamiltonian (1). According to the definition, 
m measures the average amount of rotarners in the last 
n C -  C links of a hydrocarbon chain, m = 1 means 
that an average chain is in the all-trans (ground) state. 
A smaller value of m corresponds to the appearance of 
the gauche rotamers. The main (melting) transition is 
in our model associated with m equal to zero. The 
second parameter, 0, is the average density of the polar 
heads and its change (discontinuous, as it will turn out) 
is connected with the liquid-gas transition. Finally, q is 
a measure of directional anisotropy of the hydrocar- 
bon chains. Ifq = 1 then all the chains are tilted rough- 
ly along the same direction and the system is aniso- 
tropic to the highest degree. If q = 0, their directions 
are scattered and the system is isotropic. Although 
MFA is a crude approximation, there are some indica- 
tions (Caill6 et al. 1980) that it works reasonably well 
in lipid and biological systems. With Eqs. (2)-(4) our 
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Hamiltonian becomes 

V 
__fiJtaMVA= y~, ( _ A o  + A1SZ + AzSz  + SZ~J{ ~*) (5) 

A=I 

with 

Ao = J1 ~ 02 "}- J3 (mn) 2 + J4 q2,  

At = 2J1 0 + # ,  (6) 

A2 = 2J4q ,  

and a¢* is the part of the Hamiltonian coming from 
the short-range interactions 

n--I ~ ,  
+ 2 J3 mn ai. (7) H * =  52 Jzaiai+ 1 

i=1 z=l  

As is easily seen, ~ *  is the Hamiltonian of the one- 
dimensional Ising model in an external "field" 2 J3 m. 
This part can be calculated exactly (see Appendix). 
Denoting the contribution from (7) to the total parti- 
tion function, Z~, by Z , ,  we have 

Za = Trs exp (-- fl ~MFA) 

= 2 exp ( -  Ao)(1 + exp (A1) Z .  cosh A2). (8) 

Hence, the free energy per lattice site, f, is 

f = -  lim v - l f l  l lnZG 

= fl-  1 (Ao - in 2 - In (1 + exp (A1) Z,  cosh A2). (9) 

Out of the three stability conditions 

~f /~m = O, ~f /80 = O, 8f /~q = O, (10) 

one is used to eliminate the chemical potential and two 
others to determine the unknown averages - m and q. 
Density Q is regarded as an external parameter. It is 
obvious that the equation determining m must depend 
on the number, n, of active C - C links of a hydrocar-  
bon chain. The calculations are simple but lengthy, 
and are outlined in the Appendix. It is customary to 
use v = 0-1 instead of 0. v is simply connected with a, 
the area per lipid, v = a/ao, where ao is the smallest 
area, taken in the following to be 20 A2. As is usually 
the case, see e.g. Nagle (1980), the sequences for odd 
and even n have different initial terms. We have decid- 
ed to use the odd (longer) sequence and therefore we 
present results for n = 1, 3, 5. 

n = l  rn 1 = v - l t a n h C 1  (11.1) 

with 

A = 3 + 2 exp (2 J2); 

B = A + e x p ( -  4 J2)(1 + 4exp (2 J2)) (12) 

and 

Ck=2kJ3rnk  for k =1 ,3 ,5 .  (13) 

From the remaining two stability conditions (10) we 
get 

q = v-  t tanh (2 J4 q) (14) 

and 

= D/(D + 1) (15) 

with 

D = Z,  exp (A1) cosh A 2 . (16) 

After eliminating/~ we get the free energy, f, for our 
(lattice gas) model, or the (lateral) pressure re, to which 
it is equal (Huang 1963), as 

n ao = MC { - J3 mn2 -- Jt q2 "b f l -  1 In (v/(v -- 1)) 

+ fl-1 In 2}. (17) 

The use of the mean field approximation caused the 
appearance of unphysical van der Waals loops in the 
isotherms at first-order transitions. The correct tie 
lines were obtained from the Maxwell construction 
(MC in Eq. (17)). 

Solving Eqs.(11), (14) and (17) permits the con- 
struction of the (re, v) isotherms. Some of them exhibit 
flat parts (after the Maxwell construction) which are 
associated with first-order transitions, others have 
cusps - identified as second-order ones. From that 
data the phase diagrams in the (7c, T) plane are con- 
structed. Some of the isotherms, showing first and sec- 
ond order transitions are shown in Fig. 1. 

3. Results and discussion 

Results for n = 1, 3, 5 and a particular choice of J 's are 
presented in Fig. 2 a - c .  These values are consistent 
with those commonly used (e.g. Baret and Firpo 1983; 
Zuckermann et al. 1982) and yield all the phases per- 
mitted by the model. The sequence of phase diagrams 
illustrates well the effect of the length of the hydrocar- 
bon chains on the number and location of possible 
phases. 

n = 3  m3 =(3v)  -1 
3 e 2 s2 sinh 3 C3 + (2 + e -  2 J2) sinh C3 

exp (2 J2) cosh 3 C 3 + (2 + exp ( -  2 Jz)) cosh C3 
(11.2) 

v)- 1 3 exp (4 J2) sinh 5 Cs + 3 A sinh 3 C5 + B sinh C5 (11.3) 
n = 5 m s = (5 exp (4 J2) cosh 5 C 5 --}- A cosh 3 C5 + B cosh C5 
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Fig. 1. Isotherms pressure, ~, versus area per lipid, a, at different 
temperatures, showing first (flat parts) and continuous or sec- 
ond order (cusps) transitions. The J parameters have the follow- 
ing values: J l = 9 . 1 0 - 1 4 e r g s ,  J 2 = 2 . 1 0 - 1 4 e r g s ,  J 3 = 4 .  
10 ~Sergs, J4 = 2.5.10-1aergs. n = 5, area in ~z, pressure in 
dynes/cm 

For  n = 1 we have # = 0 at all (except very low) 
temperatures, which means that the liquid condensed 
phase, i.e. the phase where most of the C - C links on 
an average hydrocarbon chain are in the trans 
(ground) conformation, is practically never reached. 
There is only a first-order transition (broken line in 
Fig. 2) from a gaseous (G) to isotropic liquid extended 
(ILE) phase and then a second-order transition (solid 
line) to the anisotropic liquid extended phase (ALE), in 
which there is a preferred direction for the average 
orientation of the hydrocarbon chains. 

When there are three active C - C links per hydro- 
carbon chain, a new phase appears - anisotropic liquid 
condensed (ALC), separated from ALE by a line of 
second-order transitions. The transition line known 
form the previous figure is unchanged. 

For  n = 5 our phase diagram changes significantly, 
apart from the G - I L E  transition which remains un- 
affected. Interactions between carbon groups within a 
chain are now sufficient (because of their number - 
their strength remains the same) to change the se- 
quence of phases. Now the hydrocarbon chains may 
stay in the non-melted state (majority of the C -  C 
links in the t rans  conformation) till much higher tem- 
perature, above that at which the system becomes an- 
isotropic. Because of the exchange of the location of 
the m = 0 and q = 0 lines, the ILC phase appears in the 
place of the ALE phase. Transitions between phases, 
i.e. their character (first or second-order), as well as 
their location on the (~, T) plane are, in general, deter- 
mined by the values of the J's. 

Instead of presenting numerous figures illustrating 
the iunfluence of the values of particular J 's on the 
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Fig. 2 a -c .  Phase diagrams in the lateral pressure - temperature 
(~, T) plane. Solid lines indicate continuous, b r o k e n  o n e s  - first 
order transitions. The phases are denoted in the usual way: G: 
gaseous; ILE: isotropic liquid expanded (m=0,  q =0);  ALE: 
anisotropic liquid expanded (m = 0, q ¢ 0); I /C :  isotropic liquid 
condensed ( m ¢  0, q =0);  A/C: anisotropic liquid condensed 
(rn ~ 0, q ¢ 0). CP is the critical and TCP the tricritical point. 
Values for the J parameters as in Fig. 1. Pressure is in dyne/cm, 
temperature in K. a n = 1, m = 0  in all shown plane; b n =  3; 
¢ n = 5  

phase diagram, we have decided to describe it qualita- 
tively. This seems justified since the whole approach 
has a rather qualitative character. The discussion pre- 
sented below will be illustrated by examples for n = 5. 

J~ governs the polar head organisation and hence 
the location of lipids and their density. Influences 
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Fig. 3 a and b. Change  of m and  q with densi ty (area per  lijpid). 
Same values of the pa ramete r s  as in Fig. 1. n = 5. Area in A 2. a 
T =  3 2 0 K ;  b T =  3 1 0 K  

mainly the G - L E  transition, which is first-order. For 
large values of J1 or low temperatures, the jump in the 
density at the transition is so large that the system goes 
directly from the gaseous to the ALC phase, as illus- 
trated in Fig. 1 for the lowest temperature. As one 
would expect, an increase in J1 moves the critical point 
to higher temperatures and lowers the transition line 
on the 0z, T) diagram. 

J2 and Ja-forces responsible for the appearance of 
rotamers. They influence the m = 0 (main transition) 
line. Depending on their values the transition can be of 
first or second-order. An increase in J will, in general, 
shift the tri-critical point to a higher temperature, 
hence the transition will be longer of the first-order. Ja 
acts within a chain, J3 between them. Of the two, J3, 
as a long-range interaction, is more "influential". An 
increase from 4 to 6 (-10-15 ergs) lowers the L E - L C  
line below the L E - G  one. An increase of J2 by the 
same amount, shifts the lines but does not merge tran- 
sitions. J2 can, however, produce other effects. Chang- 
ing its value from 2.8 to 3 (. 10 -15 ergs) results in the 
appearance of a temperature, To, below which the 
transition line m = 0 is above the q = 0 one, on the 
(re, T) diagram. For T > To the order is reversed. This 
may mean that for larger J2 the hydrocarbon chains 
become more rigid, which manifests itself more clearly 
at higher temperatures. 

J4 determines the degree of anisotropy of the hy- 
drocarbon chains. Again the transition can be of first 
or second-order character, depending on the value of 

J , .  An increase of J4 lowers the q -=- 0 transition line 
and moves the tri-critical point to higher tempera- 
tures. 

It should be noted that the phase diagram, as 
shown in Fig. 2 c, is not the only one possible when 
n = 5. By changing the parameters J we can have a 
diagram with another topology, e.g. a single line of 
first-order transitions (G-ALC) which at a tri-critical 
point will change into a second-order transition 
(ILE-ALC). It is also possible to merge the first-order 
transitions ( ILE-ILC and ILC-ALC) into a single 
one ILE-ALC. 

It is also interesting to see how m and q change 
with a (volume per lipid) and at what values of m and q 
the system passes, in a first-order transition, to a new 
phase. This is shown in Fig. 3 a and b for the same set 
of parameters as in Fig. 1 and two different tempera- 
tures. Obviously, in each case both m and q diminish 
with increasing volume, but at sufficiently high tem- 
peratures q drops much faster than m does. This means 
that the mechanism leading to a directional ordering 
of the hydrocarbon chains is more sensitive to changes 
in the density than is the melting of the chains. 

4. Conclusions 

Using the spin-1 Ising model (lattice gas system), we 
have constructed a microscopic model which, within a 
single framework, contains most of the factors in- 
fluencing phase diagrams in lipid systems. Some of 
these factors (polar head or van der Waals interac- 
tions) were already considered within a microscopic 
approach, while others were treated phenome- 
nologically. For this model we have constructed phase 
diagrams in the (re, T) plane and compared thermal 
behaviour of two parameters - one connected with the 
number of rotamers and the second with anisotropic 
orientation of the chains. 

Lipid chains are represented here by a series of 
C - C links, of which only the n outermost are active, 
i.e. subject to conformational changes. The calcula- 
tions were performed for n up to 5. The non-active part 
of the hydrocarbon chain is assumed to be rigid, i.e. 
always in the all-trans conformation, but tilted to the 
plane of polar heads located at the sites of a two- 
dimensional lattice. Its exact form is, because of the 
approximation used, not relevant here. It has been 
shown how the form of the phase diagram depends on 
the number, n, of links and on the values of the param- 
eters. 

The phase diagram for n = 5 reproduces correctly 
the majority of experimentally observed phases in lipid 
systems (Albrecht et al. 1978). The role of particular 
interactions has been discussed. It seems that the inter- 
actions between polar heads, although the strongest, 
do not play a crucial role, except in determining the 
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density of lipids. In contrast - the interactions between 
the chains - which in this model depend on the confor- 
mations of the chains - are very important,  despite 
their small numerical value• Quite generally, it may 
also be noticed that by changing the values of any of 
the J's, the phase diagram is affected in the following 
way - an increase of a J will push downwards the 
respective line and it may, if it happens close to the 
tri-critical point, change the character of the transition 
- from second to first-order. 

It is also possible to estimate (very roughly because 
n is small), the influence of n on the value of TM (melting 
temperature). Using the two reliable points (n = 3 and 
n = 5), one can extrapolate it to n = oe. It gives TM (oe) 
from 500 K for ~z = 20 dyne/cm to 580 K for ~z = 30 
dyne/cm, in fair agreement with the predictions of 
Nagle (1980) yielding 511 K for polyethylene• 

Certainly the model presented above is a simple 
one and it contains four adjustable parameters (the J's) 
which are associated with four different and indepen- 
dent interactions. The number could be reduced but 
only at the price of imposing additional (artificial) rela- 
tions among them. It is however reassuring that for 
reasonable values the choice of J 's leading to the phase 
diagram in Fig. 2 c, is unique. The method we have 
used (MFA) is a crude one. Therefore the agreement of 
each particular result with more refined theories or 
experiment, does not completely validate the model• It 
is nevertheless encouraging that the phase diagrams, 
dependence on the length of the hydrocarbon chains, 
different sensitivity of q and m on density are, qualita- 
tively at least, correct. 
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Appendix 

Here we shall derive the equation for the order param- 
eter, m, in the simplest non-trivial case, i.e. for n = 3. 
For  higher n values the calculations follow the same 
lines. 

The three-spin (in a chain) partit ion function Z3 is 
given by 

Z3 = Tr~ exp {J2 (0-1 0-2 "q- 0"2 0"3) -'}- 6 J3 m (o- 1 + o-2 + 0"3)} 

= Tr~ exp {J~ (o-1 + o-3) 0- 2 AV C 3 (0  1 -Jv 0" 2 + 0"3)} 

= Tr~(coshJ2 + 0"1 0"2 sinh J2) 

• (cosh J2 + a2 0-3 sinh J2) 

• (eosh C3 + ax sinh C3) (cosh C3 + 0"z sinh C3) 

• (cosh C3 + a3 sinh C3). (A. 1) 

The only terms which, after taking the trace, will con- 
tribute, are those where the a's are squared. Hence 

Z3 = cosh 3 C3 cosh 2 J2 

+ cosh C 3 sinh 2 C 3 (sinh 2 J2 + 2 sinh J2 cosh J ; )  

= 1/4 [cosh 3 C3 exp (2 J2) 

+ cosh C3 (2 + exp ( -  2 J2)]. (A. 2) 

From Of3/~Q = 0 and using Eq. (9), we can determine 
the chemical potential/~ (see also Eq. (15)): 

0 
e A1 = - -  (Z 3 cosh A2)-  t. (A.3) 

1 -  0 

From Of 3 lain = 0 we get 

3 m = ~ [3 cosh 3 C 3 e z :2 + sinh C 3 (2 + e- 2:2)] Z~- 1. 

(A.4) 
Inserting (A. 3) into (A. 4) we arrive at (11.2). 
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